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Abstract 



In the perspective of unifying quantum field theories with general relativity, 
the equations of the internal dynamics of the vacuum and mass structures of a 
set of interacting particles are proved to be in one-to-one correspondence with 
the equations of general relativity. 

This leads to envisage a high value for the cosmological constant, as expected 
theoretically. 



Chapter 1 
Introduction 



It is generally believed that a convincing theory of quantum gravity [Ash], [Alv], [Dew], 
[Wal] , [Whe] will emerge from some unification of quantum field theory with general rela- 
tivity. 

This objective motivated the creation of the standard perturbative approaches based 
on Feynman perturbation theory for graviton modes of the form g^iy = rj^^y + h^^i, where 
h^y refers to a small excitation of a flat metric [Pag], [E-G-H], [Hoo2]. But, these models 
failed because they are perturbatively nonrenormalizable [Nie], [Gro], [D-V]. 

In order to overcome these problems, string theories [G-S-W], [Pol], [Wit2] and loop 
quantum gravity [R-S], [Smo], [Bae] were created in such a way that point like models of 
elementary particles be replaced by one-dimensional models. 

In spite of an intense activity in this field and evident successes, the contact with exper- 
iment still remain nebulous and, furthermore, the conceptual framework of (super)string 
theories has not reached the expected maturity degree. 

So, as G. 't Hooft [Hool] pointed out, it might be that quantum gravity could not be 
solved without revising the principles of quantum theory and, especially, at the Planck 
scale. 

As a matter of fact, it is commonly admitted that Lorentz invariance could be broken at 
the Planck length due to the strong fluctuations of the space-time at this scale [H-S-L-S], 
[Witlj. 

To go beyond these difficulties, it was envisaged in [Pie3] and in [Pie5] to enlcirge 
the conceptual framework of quantum field theories in order that the new pro- 
posed quantum model takes into account the quantum Physics below the Planck scale and 
corresponds to quantum field theories at the scale for which they were developed [Ati]. 

But, to become acceptable, the enlargement of the conceptual frame of quantum field 
theories has to imply some unification of these with the equations of general relativity. 
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The problem is that general relativity is a classical theory having resisted until now to 
a convincing quantization. 

It is thus the aim of this paper to reconsider the matter in question on 
new basis at the light of what can bring close together general relativity and 
quantum field theories. 

What characterizes general relativity with respect to a possible quantization 

is: 

1. The influence of the space-time curvature on the matter and vice versa. 

2. The existence of the cosmological constant A interpreted by Y. Zel'dovich [Zell] as a 
medium tied to the vacuum polarization of the QFT (quantum field theory). 

Reciprocally, one of the main features of QFT which could be used to quantize GR 
(General relativity) consists in the creation of (pairs of) particles from the vacuum energy 
which reacts backwards on the curvature of the space-time: this means that the energy of 
the created particles is taken away from the space-time itself [Dew]. 

In this respect, as the quantum level is essentially that of elementary particles, it was 
envisaged [Piel] by the author to set up equations describing the (internal) dynamics of 
a set of elementary particles in such a way that these equations be isomorphic to the 
equations of general relativity with respect to a metric contraction given by a suitable 
compactification from the quantum level to the classical level and associated with the 
condition h ^ . 

To fulfil these conditions in order to bridge the gap between QFT and GR, 
it was envisaged that the expanding space-time, to which the cosmological constant 
of GR may correspond, could constitute the fundamental structure of the QFT 
vacuum shared out amongst the considered elementary particles. 

In this context, every elementary particle would then be characterized by an internal 
expanding space-time structure constituting its own vacuum from which its matter shell 
could be generated due to the strong fluctuations of the internal space-time of its internal 
vacuum. 

Indeed, at this scale which likely corresponds to the Planck scale, the fluctuations of 
the space-time generate local strong curvatures which are responsible for the generation 
of degenerate singularities allowing by versal deformations and blowups of these to create 
two external contracting enveloping structures above the particle internal vacuum in such 
a way that the most external structure is interpreted as its mass shell. 

So, an important part of the vacuum of QFT would be of space-time nature distributed 
amongst the internal vacua of the elementeiry pcirticles constituting massless parti- 
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cles potentially able to generate their mass shells due to the strong fluctuations of 
their internal space-time vacua. 

Thus, the attempt of unifying QFT with GR leads us to envisage elementary par- 
ticles endowed with internal structures which must be of space-time type and 
quantized. 

The first step, developed in chapter 1, then consists in generating mathematically 
space and time internal fields that must be really quantized: this can be only 
reahzed algebraically by assuming tliat quanta must have an algebraic structure 
given by algebraic closed subsets characterized by a Galois extension degree N , 
N eN . 

As extensively developed in [Pie5], the internal fields of elementary particles have a 
twofold nature due to the fact that every elementary particle has to be viewed as 
an elementeiry bisemipcirticle composed of a left semiparticle, locahzed in the upper 
half space, and of a right symmetric (co)semiparticle, localized in the lower half space in 
such a way that: 

a) the right semiparticle, dual to the left semiparticle, is observed as projected on the 
latter and is thus normally unobservable. 

b) the product of the internal structure of the right semiparticle by its left equivalent 
gives rise to a "working interaction space" responsible for the electric charge and the 
magnetic moment. 

In this respect, the internal space-time structure of the vacuum of a bisemiparticle will 
be composed of an internal time field and of an internal space field having a bilinear nature 
and being localized in orthogonal spaces. 

The time internal field (as well as the space internal field) is then given 
mathematically by a (bisemi)sheaf of different iable bifunctions over an alge- 
braic bilineEir semigroup: a bifunction is defined as the product of a right function 
localized in the lower half space by its symmetric left equivalent and the considered al- 
gebraic bihnear semigroup is GL2{Fy x F^) covering its hnear correspondent [Pie2] and 
defined over the product {Fy x F„) of the set of pairs {-F^^,^^, F^^ ,^^} or right and left real 
ramified algebraic subsets having a structure at /i quanta of degree 

over a global number field K of characteristic . 

The representation space Repsp(GL2(F^ x F„)) of GL2(F^ x F^) then consists in the 
product, right by left, of two symmetric towers of conjugacy class representatives 
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in such a way that the functional representation subspaces of the products of the cor- 
responding right and left compactified conjugacy class representatives behave 
like harmonic oscillators. This leads us to consider that the functional (modular) 
representation space of GL2(-L^ X where L^j (resp. L,^ ) results from the com- 

pactification of F- (resp. Fy ), can be interpreted as a time internal field of an 
elementary bisemiparticle. 

The corresponding internal space field can be obtained from the internal time field 
throughout a smooth (bi)endomorphism based on Galois antiautomorphisms as devel- 
oped in proposition 2.7. The end of chapter 1 deals with the compact ificat ion of 
the conjugacy cleiss representatives of the "time" and "space" bilineEir alge- 
braic semigroups leading to continuous upper and lower 4-dimensional (semi)manifolds 
of space-time. 

So, the consideration of algebraic quanta at a sub-Planckian scale allows 
to generate time and space quantized internal fields of the internal vacua of 

elementary particles likely at the Planck scale. 

These time and space internal fields are products, right by left, of time and space 
semifields restricted to the lower and upper half spaces and described mathematically by 
(semi)sheaves of differentiable functions over the appropriate algebraic bilinear semigroups. 

Due to the strong fluctuations of space-time at this level, these differentiable functions 
become afflicted by degenerate singularities of which versal deformations and blowups allow 
to generate two covering "middle-ground" and "mass" fields of space and time. 

The internal vacuum of an elementary (bisemi) particle is thus described mathemat- 
ically by a space and time internal field and by an enveloping "middle-ground" space 
and time field. A process of versal deformations and blowups of the singularities on the 
"middle-ground" space and time fields is responsible for the creation or generation of 
the enveloping "mass" fields of space and time, phenomenon corresponding to 
the creation of this (bisemi) particle from its own vacuum. 

The generation of the middle-ground and mass fields of an elementary particle from 
its internal space and time fields constitute the contents of chapter 3, which allows to 
formulate the equations of the internal dynamics of a bisemifermion. 

On the other hand, the unification of quantum field theory with general relativity, 
leading to a coherent quantum gravity theory, requires a new interpretation of the 
equations of general relativity at the Planck scale. 

These objectives will be reached if it is taken into account that: 

1. an initial state mathematically well-defined must be introduced "at the begin- 
ning" in such a way that: 
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(a) it corresponds to some universal structure in the perspective of the Langlands 
program by a one-to-one correspondence with its automorphic representation. 

(b) it be of (bihnear) space-time nature. 

(c) its space-time structure be totally quantized from an algebraic point of 
view. 

(d) it gives rise to the fundamental structure of the internal vacua of the ele- 
mentary particles. 

(e) it be directly connected to the (small) value of the cosmological constant 
A [Wei2]. 

2. the interactions between elementeiry pEirticles must appear naturally (i.e. 
without divergences) in the model by considering: 

(a) bilinear interactions between pairs of semiparticles as it was developed in chapter 
5 of [Pie5]. 

(b) a unification of electro-magnetism with gravitation as it was hoped by Einstein 
[Ein2]. 

In this new context, a special importance is thus given to the structure of elementary 
particles whose space-time nature is quantized and less to the evolution of states of these 
particles as currently done in quantum field theories and (super)string theories. 

The idea then consists in building up a quantum gravity theory at the level of elemen- 
tary particles in such a way that: 

1. the space-time structure, constituting the "initial" state of each elementary 
peirticle, corresponds to its internal vacuum structure of expanding nature from 
which its mass structure of contracting nature can be generated dynamically from 
the singularities on its internal vacuum structure submitted to strong fluctuations at 
the Planck scale. 

2. the set of equations of vacuum and mass structure of elementary particles is 
in one-to-one correspondence with the equations of general relativity if: 

• the big points, describing the quanta, at the Planck scale are viewed as ordinary 
points at the classical level by means of a metric contraction based on a condition 
equivalent to — > . 
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• the one-dimensional components of the time and space structures of the elemen- 
tary particles, considered as flow lines, are compactified to give rise to a four 
dimensional manifold endowed with a Riemann geometry. 

The equations of general relativity, generated in that manner at the Planck scale, are 
characterized by a high value of the cosmological constant, corresponding to the set 
of internal vacua of elementary particles, in contrast with the standard interpretation of 
these equations where the cosmological constant, being very small [Edd], is used to adjust 
the geometry in order that it be on a average flat. 

Chapter 4 is then devoted to the set up of the equations of the internal dynamics of a set 
of interacting particles and to the proof of their equivalence with the equations of general 
relativity in the perspective of unifying quantum field theories with general relativity. 

All developments of this paper refer to the preprint "Algebraic quantum theory" [Pie5] . 



Chapter 2 



The space-time structure of the 
internal vacua of elementary 
(bisemi) fermions 

A first step will then consist in recalling the algebraic quantized space-time structure of the 
vacuum of elementary particles, under the circumstances the elementary (stable) fermions, 
i.e. 

• the leptons e~ , /i" , t~ and their neutrinos. 

• the quarks , , s~ , c+ , 6~ , t"*" . 

2.1 An elementary bisemifermion 

As developed in [Picl] and [Pie3], an elementctry fermion must be viewed as an 
elementary bisemifermion: 

• composed of (the product of) a left semifermion, localized in the upper half space, 
and of a right semifermion, localized in the symmetric lower half space. 

• centred on an emergence point allowing the transfer of quanta from the time struc- 
tures of a semifermion to their space structures and vice- versa. 

• to which it can be associated a "working space" composed of (tensor) products 
between right and left (time and space) internal structures, respectively of a right 
and of a left semifermion. 
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2.2 "Initial state" of a bisemifermion 

The "initial state" of a bisemifermion, corresponding to its most internal vacuum structure, 
must be chosen to be: 

a) of mathematical nature, and, consequently, of space-time type. 

b) discrete, and, thus quantized. 

The only way to satisfy these two conditions is that the internal vacuum structure of a 
bisemifermion be of algebraic type. 

And, as the bilinear nature of a bisemifermion must be taken into account, an algebraic 
bilinear semigroup over a set of products, right by left, of symmetric algebraic subsets 
characterized by increasing Galois extension degrees was introduced in [Piel] in such a 
way that a natural automorphic representation corresponds to it by means of a Langlands 
global correspondence [Pie2] . 

2.3 Algebraic bilinear semigroup over symmetric split- 
ting fields 

• Let K he a global number field of characteristic and let K[x] denote a polynomial 
ring composed of a set of pairs of polynomials {P{x), P{—x)} , x being a time or 
space variable. 

The real and complex algebraic extensions of K , noted respectively F^u-v and Fzj^i^ , 
are assumed to be symmetric splitting fields -F^j.^, = FjjUF^ and F^^^^ = FjjU F^^ 
composed of right extension semifields Fjj and F^ and of left extensions semifields Fy 
and F^, in one-to-one correspondence [Piel]. 

• The real ramified algebraic subsets are assumed to be generated from irre- 
ducible (one-dimensional) algebraic closed subsets characterized by a Galois 
extension degree [F^i : K] = [F^i :K]=N,l<iJ,<q<oo, equal to N and 
interpreted as space or time quanta. 

The real ramified algebraic subsets F^^ (resp. Fy^ ) are indexed in equivalence classes 
characterized by their ranks (i.e., their Galois extension degrees) which are integers 
modulo N : 

[Fy^:K]^* + li.N (resp. [F^^ : K] ^ * + fi . N ) 

where: 
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- Fy^ <ZFy,l<ii<q<oo (resp. F^^ CF^r,l</i<g<oo). 

— * denotes an integer inferior to N . 

The ranks will be generally chosen to be equal to modulo N . So, we get a tower 
of clEisses of real ramified algebraic subsets: 

TP c ■ ■ ■ c F c ■ ■ ■ c F 
(resp. F^, C • • • C F^^_^^ C • • • C F^^,^^ ), 

where Fy^^^^ (resp. F^^ ,^^ ) is the m^-th representative of the /i-th equivalence class, 
in such a way that all representatives of the /i-th equivalence claiss have a 
structure at fj, quanta of degree N , since their extension degrees (or ranks) are 

[Fv,,^, -.Kl^l^.N (resp. [F,^,^^ : X] = . TV ) . 

It must be noted that the real ramified algebraic subsets are included, in the sense 
of [Pie3], into the corresponding complex ramified algebraic subsets. 

• The next step consists in considering an algebraic group over the product, right by 
left, of corresponding equivalent representatives of 

and of Fy = {Fy, Fy Fy I 

to take into account the bilinear (or twofold) structure of the elementary bisemipar- 
ticles as noticed in section 2.2. 

Let then T2(Fy) (resp. Tl{Fy) ) denote the (semi)group of upper (resp. lower) 
triangular matrices of order 2 over Fy (resp. Fy ). 

An algebraic bilinear general semigroup 

GL2(F^ X Fy) = Tl{Fy) X T2(F„) 
can be introduced so that: 

a) the product {Fy x Fy) is taken over the set of corresponding pairs {Fy^^^^, 
Fvf,,m^ }fM,mp of right and left real ramified algebraic subsets. 

b) GL2(F^ X Fy) has the Gauss bihnear decomposition: 

GL2(F^ X Fy) = [D^{Fy) X D2{Fy)][UTl{Fy) X UT^iFy)] 

where: 
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— D2{.) is the subgroup of diagonal matrices. 

— f/T2(.) (resp. UTl[.) ) is the subgroup of upper (resp. lower) unitriangular 

matrices. 

c) GL2{Fy X F„) covers its linear equivalent GL2(F^ — F^) . 

d) the modular representation space Repsp(GL2(FpX of GL2(F^x F„) is given 
by the tensor product Mr{F^) ® Ml{F^) of a right r2*(-^tT)-semimodule Mr{F^) 
by a left T'2(F„)-semimodule Ml{F^) . 

e) the ji-tli conjugacy class representative GL2(F^^^^ x F^^.^^) of GL2(F^ x F^) , 
with respect to the product, right by left, (F^i x F^i) of irreducible algebraic 
closed subsets of rank N , has for representation the GL2(F^^^^ x F^^,^^)- 
subbisemimodule (Mp_ ® Mp ) ■ 

2.4 The compactification of the algebraic bilinear semi- 
group GL2(F^ X F^) 

• The problem is that the conjugacy class representatives of GL2(F^ x F^) are not 
locally compact. 

Now, the two elements M^_^^ and Mp^^^ of each conjugacy class representative 
GL2(-Fij^^^ x Ft,,^^^) of GIj2{Fjj X F^) rotate in opposite senses giving them a spin 
orientation according to [Pie5]. 

The rotation of the elements Mp-^^ and Mp^^^ of the conjugacy class repre- 
sentatives leads to a compactification of them as developed by W. Fulton and R. 
McPherson [F-M] and adapted in the present case in [Pie2]. 

• The compactification of Mp^^ ^ (resp. Mp-^ ^ ) given by the map: 



7m : Mp — > Ml (resp. 7?^ : Mp^ — > Ml ) 

results from: 



a) a compactification of the /i irreducible algebraic closed subsets, i.e. of the n 
quanta, of Mp^^ ^ (resp. Mp-^ ^ ) by a sequence of blowups on the algebraic 
points of each irreducible subset transforming it into an irreducible completion 
centred on a point in the upper (resp. lower) half space according to the maps: 



■ ^< H (^^^P- ■ H ^ 



where: 
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— the closed irreducible algebraic subset F^i (resp. F^i ) is one of the n quanta 
oi Mf- (resp. Mp, ). 

— L„i (resp. ) is an irreducible completion of rank , corresponding to 
a compactified quantum. 

b) The connectedness of the set of the // irreducible completions put from end 
to end alter their compactifications in such a way that they generate a one- 
dimensional closed string M^,, (resp. Ml_ ). 



class 

as 



• By this way, each compactified quantum L„i (resp. L^i ) on the conjugacy ch 
representative M^^^^^ (resp. Ml_^^ ), which is a closed string, can be viewed an 
one of its jj, quantum "big points" centred on the compactification points of the 
blowups as described in (a). 

2.5 The compactified algebraic bilinear semigroup 

• So, the compactification of all the conjugacy class representatives {Mp.^ ^ ®Mf^^ ) 
of the bilinear algebraic semigroup GL2 (I/,j x L^) transforms it into the bilinear 
algebraic semigroup GL2{L^ x L„) where 

(resp. Ly — {Ljjj , • • • > -^^^,m^ r ■ ■ , } ) 

is the set of completions corresponding to the set (resp. Fy ) of real ramified 
algebraic subsets. 

• The /i-th conjugacy class representative GL2{Ljj^ x L^^^^) of GL2{LjjX L^) , with 
respect to the product, right by left, (L^^i x L^i) of irreducible completions of rank 
N , has for representation the GL2(I/^^_^^ x L^^^^ )-subbisemimodule (M^.^^ (g) 

• But, as the elements Mj^^^^ and M^^^^^ of GL2(I/^ x L^) rotate in opposite senses 
as noticed in section 2.4, it is more exactly the Lie algebra 5^2 (-^it xL^) of the bihnear 
algebraic semigroup GL2(L^ x L„) which would be considered. 
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2.6 Proposition 

The discrete structure, generated by the algebraic bilinear semigroup GL2(F^ x F^) : 

• corresponds to the time structure of the internal vacuum of an elementary (bisemi)- 
fermion. 

• has been transformed by the compactification map: 

l%xF, ■ Repsp(GL2(F^ X F^)) — > Repsp(GL2(L^ x L^)) 
into a corresponding locally compact quantized time structure. 

Proof. 

1. It was proved in [Pie5] and in [Pie3] tliat Repsp(GL2(-Fir x F^)) corresponds to tlie 
time structure of tlie internal vacuum of an elementary bisemifermion because its 
conjugacy class representatives (M^-^ ^ ® ^f^^ ) are isomorphic, under the com- 
pactifications 7£^^_ x i products of pairs of strings (Mi_^ ^ ® ^l^,^ „^ ) be- 
having like harmonic oscillators. And, a (bisemi)sheaf of differentiable (bi)functions 
on it is a (time) field as it will be seen. 

2. As Mp^^^^ (resp. Mp^^^ ) is composed of quanta, its compactified equivalent 
-^L^^ (resp. ^ ) will also have a structure at // quanta set out in a continuous 
way. ■ 

2.7 Proposition 

Under the composition of maps ItuxL-^rRxL ° ^Rxl , where: 

• Er^l : Repsp(GL2(L^ x L,)t) ^ Repsp(GL;(L; x Ll)t) ® Repsp(GL^(4 x 1%) is 
a smooth biendomorphism 

• ItRxL-^rRxL mentis "time" complementary bistructures into orthogonal "space" bistruc- 
tures, 

the "time" representation space Repsp(GL2(i>:y x L^)t) can be transformed into: 

a) a reduced "time" representation space Repsp(GL2(L^ x L*)t) over a set of reduced 
completions {L^x L*) . 
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b) a complementary "space" representation space Rcpsp(GL2(L^ x L^)^) over a com- 
plementary set of completions (L^ x L^) , localized in a space perpendicular to 
Repsp(GL;(L;xL;)i) . 

Proof. 

1. It was seen in [Pie5] that the "time" representation space Repsp(GL2(L:y x Lv)t) , 
submitted to Galois antiautomorphisms on its right and left parts, can be decomposed 
into the direct sum of two non connected "time" representation spaces of bilinear 
algebraic semigroups: 

Er^l : Repsp(GL2(L^ x L,)t) Repsp(GL;(L; x Ll\) © Repsp(GL^(4 x 1%) 

corresponding to a smooth biendomorphsim E'ijxL in such a way that the biquanta 
(i.e. products of pairs of corresponding quanta on the same conjugacy class repre- 
sentatives (Ml_^^^ (g) Ml^^^^) ), extracted from Repsp(GL2(Li x L*)t) by Galois 
antiautomorphisms, be used to build up a new non connected complementary "time" 
representation space Repsp(GL2(-L^ x -L^)t) . 

2. Under the map 

Itn.L-^ra.. ■ Repsp(GL^(4 X L^),) Repsp(GL^(4 x L^),) 

the complementary " time" representation space Repsp(GL2(I'^ x Ll)^) is sent, out 
of the origin, biquantum by biquantum, into the orthogonal space generating by this 
way the complementary representation space Repsp(GL2(L^ x L^)r) of "space". 

3. Thus, the composition of maps: 

ItR^L^rn^L o Er^l •■ Repsp(GL2(L^ x L^)t) 

Repsp(GL;(L; x L:),) © Repsp(GL^(4 x L^),) 

transforms the "time" representation space Repsp(GL2(L:tj x -L^)^) into the reduced 
"time" representation space Repsp(GL2(Li x L*)^) and into the complementary 
"space" representation space Repsp(GL2(I/^ x -L^)r) ■ 

As a consequence, the "time" structure of the internal vacuum of an elementary 
(bisemi)fermion, given by the "time" representation space Repsp(GL2(i^ x -L^)t) , can 
be transformed partially, or completely, into a "space" structure, given by the com- 
plementary "space" representation space Repsp(GL2(-L^ x I/^)r) and this "space-time" 
structure is quantized. ■ 
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2.8 Bisemisheaf of different iable (bi) functions on 
GL2(L^ X L^) 

• Let (pL^M^^) (resp. (j)R{My^) ) denote a complex-valued differentiable function over 
the /x-th real conjugacy class representative Ml^^ (resp. Ml_ ) of T2{L^) (resp. 
T2{Lv) ) C GL2{LvX Lu) and let (l)R{Mjj^)®(f)L{M^^) be the corresponding bifunction 
on the conjugacy class representative {Ml-^ (g) Ml^^) of GL2(I/^ x L^) . 

• The set {0l(M^^ (resp. {0i?(M^^^^)}^,^^ ) of C -valued differentiable func- 
tions, localized in the upper (resp. lower) half space and defined over the T2{L^) (resp. 
T2{Liij) )-semimodule Ml{L^) (resp. Mr{L^) ), constitutes the set V{(})l{Ml{v))) 
(resp. r(0/j(MR(L:t7))) ) of sections of the semisheaf of rings ct)L{ML{L^)) 
(resp. (t)R{Mii{L^)) ), also noted Ml{L^) (resp. Mr{L^) ). 

• And the set {0i?(Mj^,m^) ® 0L(-^i)^,m^)}/i,m^ of differentiable bifunctions over the 
GL2{L^ X L^)-bisemimodule Mji{Ly) Ml{Lv) constitutes the set of bisections of 
the bisemisheaf of rings (1)r{Mii{L-^)) (g) </>£,(i,(i^t,)) . ■ 



2.9 Proposition 

The bisemisheaf (t)R{MR{Ly)) (g) (f)i{ML{Ly)) of differentiable (bi)functions is a physical 
string field. 

Proof. 

• The bisections 0i?(Mw^^J®0L(M^^^J of the bisemisheaf (I)r{Mr{Ljj))0(I)l{Ml{L^)) 
are C -valued differentiable bifunctions on the conjugacy class representatives (M^^ ^^(g) 
My^^^) which are (tensor) products of two symmetric (closed) strings at fi quanta 
in such a way that (M^^^^ ® My^.m^) (and also (j)R{My^,^^) ® (j)L{My^„^^) ) behave 
like harmonic oscillators [Piel]. 

• So, the set {0Ji(M^^^^)(g)02,(M^^^^ )}^,„^ of bisections of the bisemisheaf 0R(Mij(L^)) 
(8) 0L(Mi(L„)) is a physical string field composed of packets of products of symmet- 
ric closed strings characterized by increasing numbers of quanta and behaving like 
harmonic oscillators. ■ 
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.10 Getting a compact 4-dimensional semimanifold 
of space-time 

1. A smooth linear compact 3-dimensional semispace (resp. ), restricted 
to the upper (resp. lower) half space, can be constructed by considering in the first 
place the compactification C£ (resp. C]^ ) of the conjugacy class representatives 
MI^^^ (resp. M^^^^ ) of the "space" bilinear algebraic semigroup GL2(I/^x L^)^ in 
the following way: 

(a) The real conjugacy clas representatives {M^^^^Jrn^ (resp. {Ml^ ^Jrn^ ), 
varying, for each class /i , are compactified into a surface in such a way that 
they coincide with the complex equivalent (resp. ): 



as described in [Pie3] , where U denotes the "compact unions" or compactifica- 

c 

tion. 

(b) The set of these surfaces {M^^^}^ (resp. {M^^jfj, ), n varying, I < fi < q < oo , 
are also compactified into a 3-dimensional volume M^^ (resp. M^^ ), which is 
assumed to be of "space type" , in such a way that M^^ (resp. M/^ ) be foliated 
by the surfaces M^^ (resp. M-L^ ). 

2. Consider then the complementary "time" bilinear algebraic semigroup 
GL2(-Lu X L^)t from which GL2{L^ x Ll)r was generated according to proposi- 
tion 2.7. 

As for GL2(-L^ x L^)^ , the left (resp. right) linear conjugacy class representatives 
My^^^ (resp. M^j^^^ ) of the "time" bilinear algebraic semigroup GLl{L^x L*)t are 
one-dimensional, corresponding then physically to "time" strings. 

3. If the set {M„^ ,„J^^,^ (resp. {M^^_^J^^,^ of the "time" conjugacy class rep- 
resentatives aire glued together under the map C^"'' (resp. C^j^''' ) "above" the 

3- dimensional volume (resp. ) of space, then we get a compactified 

4- dimensional semispace of space-time Mj~^ (resp. M'^^^ ). 

4. In summciry, let: 



UMi 




(resp. U7l4 Q ) 



(resp. C^:{M4^^}, 
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be the compactification of the one-dimensional conjugacy class representatives 
of space into a 3-dimensional semispace. 

(resp. : M4 U {M,^,,„^ ^ M^"^ = M4 U {M,^,„^ ) 

be the compactification of the one-dimensional conjugacy class representatives 
of time with the 3-dimensional compact semispace (resp. )• 

5. A 4-dimensional left (resp. right) semimanifold A4^~'^ (resp. A4^~^) ) is 

then defined from the 4-dimensional semispace M^~' (resp. M^~' ) as a collection 
of charts (M^-^>^) (resp. (M^"^,^^) ), where: 

• MJ~' (resp. M^~' ) are the compactified 4-dimensional semispaces obtained 
from the compactification of the linear conjugacy class representatives of GL2{LyX 
L,)t and of GLi(Li x L^), . 

• (f)^ (resp. 0^ ) are one-to-one maps of Mj~' (resp. M^~' ) to open sets in the 
upper (resp. lower) half of IR^ , 

such that 

(a) Ml'^ = U M^-' (resp. M^'^ = U M^'^ ). 

(b) if Mj-'^ n Mj-'^ (resp. MI''^ n MI"'^ ) is non-empty, then the map 

(resp. 0^o0;^: ^.(M^^-^ n MX-^)^0^(M^4-^ n M^"^) ) 

is a map of open upper (resp. lower) half subset of IR^ to an open (resp. lower) 
half subset of IR^ . 

6. The composition of maps: 

Cl-^ o d : {M,_^ },,^^ U {Mj_^ ^Mj-^ 
(resp. o : {M,_^ U {M^ ^^.^"^ ) , 

compactifying one-dimensional conjugacy class representatives of space with one- 
dimensional conjugacy class representatives of time into a compact 4-dimensional 
upper (resp. lower) semispace M^~' (resp. M^~' ) of space-time, allows to get 
a classical continuous (Riemann) 4-dimensionaI semispace from locally 
compact one- dimensional conjugacy class representatives of space-time at 
the Planck scale, the compactification map o C£ (resp. o ) 

corresponding to a change of scale. 
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2.11 Proposition 

The product (Cj^' o C]j) x {C^£"^ o C£) of the 4-dimensional compactifications introduced 
in section 2.10.6. sends the direct sum of the representation space Repsp(GL2(LJ x L*)^) 
of the reduced "time" bilinear algebraic semigroup GL2(Lix L*)t and of the representation 
space Repsp(GL2(I/^ x L^^)r) of the complementary "space" bilinear algebraic semigroup 
GL2(L^ X L^) into the product tr ® ^ tl ) 4-d'^iT^^i^s'^onal compact lower 

semispace M by its upper equivalent M according to: 

{C'r' o C^) X o d) : Repsp(GL;(L; x Ll\) © Repsp(GL^(4 x L^)),) 

in such a way that: 

• each point of {M ^~ ® M ^~ ) is in fact a bipoint characterized by a metric tensor 
9 ■ 

• each bipoint of [M M ^~ ) is in one-to-one correspondence with a bipoint of 
Repsp(GL;(Li x Ll)t) © Repsp(GL^(4 x L^))^) so that (C^"'' o C^) x (C^"^ o C£) ts 
an isomorphism. 

Proof. 

1. the fact that (C^*^ o C£.) x (C^^*" o C£) is a (bi)isomorphism results from its com- 
pactifying nature introduced in section 2.10. 

2. Each point V of (M^"^ M^^"'^) is a bipoint Vr x Vl , product of a point Vl e 
M^-^ and of a point Vr E M^'^ . 

A metric tensor at = Vr x Vl has for components g^ — g{Ea, E^) (or ga^ ) with 
respect to basis vectors Ea G iW^^ and Ei, e M ^~ , a — t,x,y, z , b — t,x,y, z , 
in such a way that g{Ea, E^) is a scalar product between basis vectors. 

3. The compactified bisemispace M ^~ ® M ^~ can be understood if it is realized 
that each bipoint {Vr x Vl) of it is in one-to-one correspondence with a bipoint 
(PrXPl) belonging to the product, right by left, of two one-dimensional symmetric 
conjugacy class representatives of Repsp(GL2(LixL*)j) or of Repsp(GL2(L^xL^))r) , 
if it is referred to section 2.10. ■ 



Chapter 3 



The equations of the internal 
dynamics of a bisemifermion 

3.1 Singularizations on the internal vacuum semisheaves 

• It was seen in proposition 2.7 that the internal vacuum space-time structure of 

an elementary (bisemi)fermion is given by the direct sum of the representation spaces 
of the bilinear algebraic semigroups GL2(I/^ x Ly)t and GL2(I/^ x Ll)j. according to: 

(Mjy^ M^tJ ® (^It« ® mItJ = Repsp(GL2(A7 x L^)*) Repsp(GL^(4 x L^)^) 

where: 

- Mjr^ = Repsp(r2(iv^ X Ly)t) (resp. Mj^^ = Repsp(r*(L^)t) ) 
represents the algebraic time structure of the internal vacuum of a left (resp. 
right) semifermion. 

- M|^^ = Repsp(r/(Li)) (resp. M|^^ = Repsp(r2*''(4)) ) 

represents the algebraic space structure of the internal vacuum of a left (resp. 
right) semifermion. 

• The semisheaf of difFerentiable functions on Mj^^ (resp. Mj^^ ) and on Mgj.^ 
(resp. Mgrp^ ) is noted respectively Mj^,^ (resp. Mgj,^ ) and M§j,^ (resp. Mgj,^ ). 

The bisemisheaves (Mj^,^ ® Mj^,^) and {Mgj,^ (g) M|j.^) are, respectively, a "time" 
and a "space" string field of the internal vacuum of an elementary bisemifermion. 

• As these internal vacuum string fields have a spatial extension of the order of the 
Planck length, they are submitted to strong fiuctuations generating degenerate 
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singularities on the sections (or strings) of these, as described mathematically in 
[Pie4]. 

Taking into account that the time (and space) left and right semisheaves are sym- 
metrical by construction and localized in small open balls, it is reasonable to assume 
that the singularities are generated symmetrically on the corresponding sections re- 
spectively in the upper and lower half spaces. 

• By this way, it is easy to understand that the metric tensor g\ at each bipoint 
(Vr X Vl) of a bisection {M^^^^^ ® (also noted 0ii(A4,,„J ® ^(^-m,^) 

proposition 2.9) of (Mj^^OMj^^ ) or of a bisection (M£ ®M^^ ) of {MIj,^®MIj,J 
is not constant but varies according to the singularities on the sections. 



.2 Versal deformation and its blowup 

• Under a strong external perturbation, a degenerate singulairity of multiplicity 
inferior or equal to 3 is assumed to be generated on each section Mf (resp. Mi ) 
of the "space" semisheaf Mf^^ (resp. Mgj.^ ). 



m 



Then, a versal deformation of Mgj,^ (resp. Mf^^ ) can be envisaged as given by 
the fibre bundle: 

(resp. Ds^: MI^^ x 9s^ ^MItJ 

where the fibre % = {9,{u;l), O^^ul), e,{ujl)} (resp. Os, = {^1(0;^), ^2(c^|), 9,{ujI)} ) 
is composed of the set of three sheaves of the base Sl (resp. Sr ) of the versal de- 
formation in such a way that the uj\ (resp. c*;)^ , 1 < i < 3 , are the generators of the 
base of the quotient algebra. 

We refer to [Pie4] for more complete developments of the versal deformation and of 
its blowup succinctly recalled in the following. 

The blowup of the versal deformation allows to generate a semisheaf Mf^Q^ 
(resp. M§jQ^ ) covering the space internal vacuum semisheaf Mj^^ (resp. Mgj,^ ) 
by means of the spreading-out isomorphism: 

SOTl = r^^ o TT,^ (resp. SOTr = r^^ o tt^^ ) 
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where: 

(resp. TTs^ : M|^^ x 63^ MIt^ © Os^ ) 
is an endomorphism, based on a Galois antiautomorphism [Pie5] , which discon- 
nects the fibre (resp. ) from Mgrp^ (resp. Mgrp^ ). 

- Ty^^ (resp. Ty^^ ) is the projective map: 

T,^^: TAN(^5j^^5, (resp. r,„^ : TAN(^5j ^ ^s, ) 

of the vertical tangent bundle (resp. T„^^ ) sending 63^ (resp. ) into 
the total tangent space TAN(6l5^) (resp. TAN(6l5^) ). 

By this way, the three functions uj'^j^{vp^ra^) (resp. oj'^Rij^u,m^) ) of the base of the versal 
deformation are proiected above each section Mf (resp. ) in the vertical 

tangent space. 



Being glued together, these three functions generate the sections M^q^ (resp. 
^MChj ) ^ semisheaf M^q^ (resp. M^q^ ) (called middle ground) which 
covers the internal vacuum semisheaf. 



If the numbers of quanta on the sections M^q^ (resp. M^q_ ) of the mid- 
dle ground semisheaf M^(^^ (resp. -^^Gh ) equal to the numbers of 
quanta on the sections M£ (resp. M^^ ) (rewritten according to M§j,^ (resp. 
Mgj,_ )) of the internal vacuum semisheaf M§j,^ (resp. Mgj,^ ),then these sections 
^MGv (resp. M^Q_ ) are open strings covering the closed strings Mg^^ 



(resp. MIp^_ ) of M|^^^ (resp. M|^„ ). 



3.3 Proposition 

The inverse of the projective map Ty^^ (resp. Ty^^ ) of the tangent bundle Ty^^ (resp. 
Ty^^ ) of the spreading- out isomorphism is the elliptic operator: 

n^rS _ ) ■ ^MG d . h-MG d . Hmg d 



Ci^r;MG dx' Ct^r;MG Ct^r;MG dz 



T^rria I ■ ^MG d . flMG d , HmG 9 

resp. DTji MG = \ ^> ^> ^ 

Ct-^r;MG OX Ct-,r;MG OV Ct-^r;MG OZ 
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where the constants Hmg ^.''^d Ct-^r;MG '^'^e defined in chapter 3 of [Pie5], sending the semi- 
sheaf M^q^ (resp. M^Q^ ) into the perverse semisheaf M^q^ (resp. M^q^ ) according 
to: 



Proof. The elliptic operator DTf.jyjQ (resp. DT^.^q ) maps the semisheaf M'^q^ (resp. 
^mGr ) i'^^'^ perverse equivalent M^q^ (resp. M^q^ ) since this latter belongs to the 
derived category of string semifields shifted in the three geometrical dimensions of space, 
a string semifield being given by a semisheaf, for example M^jq (resp. M^q ). ■ 



3.4 Generation of perverse mass semisheaves 
and M^^ 

• As the singularities on the sections of the internal vacuum semisheaf Mgj,^ (resp. 
Mgj,^ ) have a multiplicity inferior or equal to 3 , the functions uj}^{viy^rni,) (resp. 
ooKvu^m^) ) of the quotient algebra of the versal deformation of M|j,^ (resp. Mgj,^ ) 
can have degenerate singularities of multiplicity one. 

• So, the middle ground semisheaf M^q^ (resp. M^q^ ), of which sections M^q^ 

(resp. M^Q_^^^ ) are the functions uj'L{vy^ra,) (resp. oj'R{vy^rn,) ), 1 < « < 3 , glued 
together, can undergo a versal deformation and a blowup of it according to: 



50t1^^) o : Mia, -^Mmg, © 

(resp. o : M^^^^M^^^ M^J 

where: 

■ Mia. X "r ' - Mia. 
(resp. Df°^ : iil^^ x ef°^ ^ 53o. ) 
is the versal deformation of M^q^ (resp. Mf^Q^ ). 

(resp. ^) : M^a, x 4^^^ ^ M^a, ) 



23 



in such a way that M^^ (resp. M^^ ) is the perverse mass semisheaf generated 
from M^^ = ^gf^) (resp. Mj^^ = ^^""^ ) by the map: 

so that 

s _ f ■ ^ 9 . h d . h d 



a ( h d h d h d 
resp. -DTrm = i ^> ^> TT 

^ ' [ Ct^r;M OX Ct^r;M Oy Ct^r;M OZ 

corresponds to the inverse of the projective map 

TAN(4-«)) ^ (resp. r (-j : TAN(C^)) ^ ) 

of the vertical tangent bundle of the blowup of the versal deformation of the 
middle ground semisheaf M^q^ (resp. M^^q^ ). 

The sections M'H (resp. MH ) of the perverse "mass" semisheaf 
(resp. M^^^ ) cover the corresponding sections of the "middle ground" 
and "internal vacuum" semisheaves M^jq^ (resp. M^^q^ ) and Mgj,^ (resp. 
Mgrp^ ): they arc open strings if the numbers of quanta on their sections are inferior 
or equal to the number of quanta on the sections of the "middle ground" semisheaves 
^MG. (resp. m'j^^ ). 



3.5 Embedding of "internal vacuum" , "middle ground" 
and "mass" semisheaves of space 

• So, the "middle ground" and "mass" semisheaves of space M^jq^ (resp. MfjQ^ ) and 
(resp. M^j^ ) can be generated by versal deformations and blowups of these 
from the "internal vacuum" semisheaf Mgj,^ (resp. Mgj,^ ) of space leading to the 
embedding: 

MIt^^MIjo^^MIj^ (resp. M|t« C M^g« C M^^ )• 
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The perverse "middle ground' and "mass" semisheaves M^^^ (resp. M^q^ ) 

' — s ' — s 

and MjJ^^ (resp. M^^^ ), belonging to the derived category of string semifields, are 
of contracting nature, while the "internal vacuum" semisheaf of space M^j.^ 
(resp. M|y^ ) is of expanding nature: so, it was assumed in [Pie5] that the 
SD-differential operator 

Tl-st — 1^ — ^'^1^ — ST_ ^^^^ — ST_ 

L Ct^r;ST Ct^r;ST Ct^r;ST 



resp. -iR-sT ~ "'Vi — 




Ct^r;ST Ct^r;ST Ct-^r;ST 

applies to all the sections of Mgj,^ (resp. Mgj,^ ) according to: 

where Mg^^ (resp. mJ^^ ) was written abusively as a perverse semisheaf. 
Similarly, we have the following embedding 

between "perverse" semisheaves. 



3.6 Middle ground and mass semisheaves of time 

• Similarly, as the "middle ground" and "mass" semisheaves of space are generated 
by versal deformations and blowups fom the "internal vacuum" semisheaf of space 
^stl (resp. Mgj,^ ), the "middle ground" and "mass" semisheaves of time MJ^q^ 
(resp. Mj^Q^ ) and Mj^^ (resp. Mjj^ ) can be generated: 

— either by versal deformations and blowups from the "internal vaccuum" semi- 
sheaf of time Mgj,^ (resp. Mgj,^ ). 

— or from the respective semisheaves of space by the composition of maps: 

and 7ifl*,o£;f): ^M^^ 

(resp. 7S.°4"^^^ M^c.— M-^. 
and 7ir-l,,o4-): M^^ ^M^J, 
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as described in proposition 2.7, where and Ej^ (resp. and Ej^ ) 

are endomorphisms based on Galois antiautomorphisms. 

As for the semisheaves of space, we have for the semisheaves of time the em- 
bedding: 

M^T^ C Mj,a, C M^^ (resp. MJj.^ C M^g^ C M^^ ) 
as well as for the perverse semisheaves of time: 

These perverse semisheaves of time result form the morphisms: 

^-'-L;MG ■ ^^^MGl ^^^MGl ' 

where 

rpT _ A ^ST , p,^r _ • ^MG d _ hu d 

-'-L:ST — ^ "''O ) J^-I-L-MG — ^ ' ^-l-L-M — ^ WT 

Ct^r;ST Ct-^r;MG Oto Ct-*r;M Oto 

(the right cases are handled similarly). 



3.7 Proposition 

' T' Q ' ''7"' Q \ n 

Let [Mg^^ ®Mg^^ ) he the "internal vacuum" hisemisheaf or string field of an elementary 
bisemifermion. 

Then, by versal deformations and blowups of these, the "internal vacuum" string 
field can generate the two covering "middle ground" and "mass" string fields 
of space-time 

leading to the embedding: 
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Proof. 

• According to section 3.1, the "internal vacuum" string field is given by: 

where {Mgj,^ ® M^st^) (I'esp. {Mgrp^ Mgj.^) ) is the time (resp. space) string field. 

But, this "internal vacuum" string field of space time is not complete, because it 
does not allow interactions between the time string field and the space string field. 

• A more general approach would consider the following "internal vacuum" string field: 

constituting the completely reducible non orthogonal bilinear representation 
space in bisemisheaves [Pie4] of GL2(t+5)(A7 x L^)) according to: 

Repsp6'(GL2(r+5)(^i; x L^)) 

= Rcpsp^(GL2(T)(i^ir X L^)) © Repsp^(GL2(s)(i^^ x L^)) 

© Repsp^(r2\^)(L^) X T2^s){Li)) © Repsp^(T2*(5)(4) x T2(t){L,)) 

where 

{M^STn ® ^ItJ = Repsp^(r2V)(A7) x T^(s){Ll)) 
and (M|^^ (8) MJ^J = Repsp^(r2V)(4) x n^T){L,)) 

are mixed bisemisheaves over off diagonal bilinear representation spaces of "time- 
space" and "space-time" responsible for the electric charge of the considered (bisemi)- 
fermion as developed in [Pie5]. 

• Referring to the preceding sections, the "internal vacuum" bisemisheaf (Mg^^ (g) 
^srf) generates by versal deformations and blowups of these the "middle ground" 
and "mass" bisemisheaves (M^'^^^M^q^) and {Mlf^ ®Mlf^^) which are embedded 
as announced in this proposition. ■ 
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3.8 Proposition 

1. The corresponding perverse bisemisheaves (or fields) {M^^p^^ ® M^j.J'''' ) , (M^q^ 
^mGl") ^'^^ (-^Mr ® internal structure of an elementary bisen 

fermion give rise to the set of equations of its internal dynamics; 



where the set of six mixed bisemisheaves (M^^^^^ (g) M^t^^^) ' ' ' (^^r ® ^^Gl^) 
generates the interactions between the right and left semisheaves of different levels 
" ST " MG " and " M ". 

2. If the interactions between the right and left internal semistructures 
" ST ", " MG " and " M " are assumed to be negligible, then the 
equations of the internal dynamics of a bisemifermion are: 



Proof. 

• This proposition is a direct consequence of the preceding sections. 

• The interactions between the right and left internal semisheaves " ST " , " MG " and 
" M " are especially responsible for the internal angular momentum of the considered 
bisemifermion as developed in [Pie5]. 

• If the interactions between the right and left internal semisheaves are assumed to be 
neghgible, then the equations of the internal dynamics: 

(M^t/" ® M^Tl'") ® {M^'g!" ® mI^g!") = -(mI^r'" ® mI^l'") (*) 

describe the generation of the matter field {M^j^ ^M/^^ of a bisemifemion from 
its own vacuum fields given the lefthand side of (*). ■ 
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3.9 Extended bilinear Hilbert spaces of internal struc- 
tures 

According to [Pie3], each " ST ", " MG " or " M " field in (*) is an operator valued 
string field on the corresponding string field which defines an extended bilinear Hilbert 

space. 

Indeed, if we apply a [Bl ° Pl) map on the string fields {Mg^^ ® Mg^^ ) , [M^^q^ ® 
MIj-q^J and {Mjf/ O M^'^) in such a way that: 

• Pi be a projective map projecting each right semifield on its corresponding left equiv- 
alent, 

• Bl be a bijective isometric map sending each covariant element into its contravariant 
equivalent, 

then they are transformed into: 

(^r^ o ^) ) : Mj-/ ^ Mj-/ ^H^^ = Mj^/^ ® Mjf/ 

where i^^j, , H'^j^ and i/^^ arc the extended bilinear Hilbert spaces of the internal vacuum, 
middle ground and mass structures of a bisemifermion if complete internal bilinear forms 
are defined on them. 



3.10 Actions of bioperators on Hgj. , H]^q and 

On the extended bilinear Hilbert spaces Hgj, , H'^jq and H'^j , we have the actions of the 
bioperators: 



rpT-S 


® ^L;5T • 












^■'-L;MG ■ 












' DTl-J : 








5 M^T^'' 



sending the internal vacuum, middle ground and mass bisemisheaves Mg^^ (8) 



® MJ^g -^M ® -^M i^to their perverse equivalents 
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The bioperators are explicitly given by: 



-^R;5T ® '^LsT ~ f ^ {^Or dto; s^r dx, Sy^ dy, s^^ dz\\ 

\ Ct-,r;ST J 



-i {soi dto] s^^ dx, Sy^ dy, s^^ dz] 

Ct^r;ST 



Hmg / ^ d d d 
^^Z;^ Y'^ dfo''^' d^'''^ W'^' d'z 



nrrT-s n^T-s ( j d d d d 



hpi ( d d d d 

'^^Z;^ 1^°^ at^'^"" a^'^^^ a^'^^" d'z 



where Sq and (s^, Sy, Sz) are the direction cosines of the unit vectors s^,, and referring to 
the spin and allowing to defined directional gradients ^ and s,. V . 
(More concretely, the function 0(to) is said to be derivable at to in the direction s if 
lim '^(*°+^^)-'^(*°) exists). 

3.11 Proposition 

• Let r = q -\- p be the number of algebraic conjugacy (or equivalence) classes of time 
and space, the indices of time and space varying separately according to 1 < /j, < q 
and 1 < 1^ < p and commonly according to 1 < a < r . 

• Let 

• IMsT = Mot + Morr \ C Ma^^ 



T-S 
MGl 



T-S 
MGr 
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J (T=l 

}' 

J (T=l 



C M; 



T-S 



he the set of sections of the space-time left (resp. right) semisheaves of the internal 
vacuum (" ST "), middle ground (" MG ") and mas (" M ") structures of a left 
(resp. right) semifermion. 



• Let 



resp. 



Tstl = -i [sto dto + Sr, dx + Sr^ dy + Sr, dz) 

Ct-^r;ST 

(sto dto + dx + dy + Sr^ dz) 



DTmGt 



Ct-^r;ST 

f^MG 
Ct^r;MG 

^MG 
Ct-^r;MG 

Ct^r;M 



d_ 



^ d ^ 



d_ 
dx 



^ d ^ d ^ d 
dfo^^'"' d^^^'' d^^ 



d_ 
dz 

d_ 
dz 



d 

dfo 


+ Sr 


d 
dx 


+ Sr 


d 
dy 




d 
dz 


d 

dfo 


+ Sr 


d 
dx 


Ty 


d 
dy 




d 
dz 



resp. DTmGr = 



DTMr^ = -i 



resp. DTmji = 

he the corresponding differential operators acting on these sets of sections. 

Then, the equations (*) of the internal dynamics of a bisemifermion can 
be put in the equivalent form: 

TsTR{MsT^^)(^TsTdMsn.,^j] + \DTMGniMMG.) ® DTmgAMmg., 



, V a, rua , 1 < a < r . 



Proof. Indeed, it appears from the preceding developments that the actions of the bi- 
operators (Tstj^ ® TstJ , {DTmgr ® DTmgi) {DTmi^ ® DTmJ on the correspond- 
ing bisections, as developed above, transform these into bisections of the corresponding 
perverse bisemisheaves and give rise to the equations (*) of the internal dynamics of a 
bisemifermion. ■ 
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3.12 Corollary 

Let Tstl^ , DTmgl^ "'^d DTmj^^ be the adjoint operators of Tstr , DTmGr and DTm^ 
respectively: 

Tsn^-Tl^,, DTMG.^^DTla, and DTm,^ ^ DT^^ . 



^t-^ c* nn c* 

Let M-qTp , M-jrfr and he the sections of the semisheaves M am , M,^~^, 

and projected onto the sections of the corresponding left semisheaves according to: 



Bf^^ o pf^^ : MsT- — 

Then, the equations on the sections of the internal dynamics of a bisemifermion are 
transformed under the isomorphism IDr^^l^^ into: 

IDn^L, : [Tstr {Mst,^^^^ ) Tst, {Mst.^^^^ )] ^ 

+ [DTmgAMmg.^^^^ ) ® DTmgAMmg.^^^^ )] 

+ [{DTmg,, X DTmg,){Mj^,^^^^ X Mmg..,^J] 



Proof. This isomorphism ID^^^^ transforms the (tensor) product of the right action of 
DTmr on Mm-^ ^ by the left action of DTmj^ on Mm^^ „ into the biaction of {DTmi^^ x 
DTml) onto the product of the sections {Mjj_ x Mm„^^^) , and so on for the two 
other levels " ST " and " MG ". 

And, the products of the following sections belong to the extended bilinear Hilbert 
spaces: 

MoT xMsT e Htr , Mjir^ xMmG & Htn , -^m xMm G Ht , 

according to section 3.9. ■ 



Chapter 4 



Equivalence between the equations of 
general relativity and the equations 
of the internal dynamics of 
bisemiparticles 

The aim of this chapter consists in generahzing the equations of the internal dynamics to a 
set of J (bisemi) particles, and, more particularly, to a set of J elementary (bisemi)fermions 
and in pointing out that they are in one-to-one correspondence with the equations of general 
relativity. 

4.1 The internal structure of a set of bisemifermions 

• It was seen in chapter 3 that the time or space string field of the internal vacuum, 
middle ground or mass structure of a bisemifcrmion is given by the representation 
space (in bisemisheaf) of the bilinear algebraic semigroup GL2(I/^ x Ly) . 

• Generalizing to a set of J bisemifermions, we have to take into account the partition 

2J = 2i H h 2i H h 2j of 2J in such a way that the " ST ", " MG " or 

" M " string field of time or space of them be given by the completely reducible 
non orthogonal representation space Repsp(GL2(-L^j X L^)) of the bihnear 
algebraic semigroup GL2j{Ly x L^) of dimension 2J , as introduced in [Pie2]. 

This representation space Repsp(GL2j(L^ x L^)) decomposes non orthogonally 
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according to: 

Repsp(GL2j(L^ X L„)) = ffl Repsp(GL2,(L^ x L„)) ffl Repsp(T*.(L^) x T2.(L^)) 

where the off-diagonal representation spaces Repsp(r2. (L^j) x T2^ (L„)) are re- 
sponsible for the generation of gravito-electro-magnetic fields of interac- 
tion between bisemifermions as developed in [Pie5]. 

• Referring to Proposition 3.7, we see that the internal vacuum (" ST ") field structure 
of space-time of J interacting bisemifermions is given by the bisemisheaves: 

{MItuj ® ^5t/,) = Repsp^(GL2j(T+5)(A7 X L^)) 

= ffl (Mlfj^ ® M^rf,) ffl (iWlr^ ® M^n.) ■ 

• By versal deformations and blowups of these, the "internal vacuum" string fields 
(M^^ ®Mg^° ) of a set of J interacting bisemifermions generate the two covering 
"middle ground" and "mass" string fields of space-time: 

J J % — X % 1 t^-J — i- * 3 

and 

in such a way that we have the embeddings: 



4.2 Proposition 

Let (iWj^^^^'^Mj^l^'') , (MScf^^Mj^^f") and (mJ^^^'' ® M^f/) i/ie j^erwerse bisem- 
isheaves of the internal structures " ST ", " MG " and " M " of a set of J interacting 
bisemifermions. 

If the interactions between the right and left internal semifields " ST " MG " and 
" M " are negligible, then the equations of the internal dynnamics of this set of 
J bisermifermions are: 
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Proof. 

• The perverse bisemisheaves (M^Tn^" ^M^t'^^") , {M^On ^^g!"") i^n^" ® 

•J J J J J 

^Mlj) obtained from the corresponding bisemisheaves {Mgj,^ 

[MlfJ^ (g)M^^'^ ) and (M^^'^®M^~'^) by the respective actions of the biopearators 

(TsTi ®Tstr) , {DTmGl®DTmGr) and {DTm^ ® DTm^) introduced in section 3.11. 

• The equations of the internal dynamics of a set of J bisemifermions are a generahza- 
tion of the equations (*) of proposiiton 3.8. ■ 



4.3 Proposition 

• Let Ti = Qi + Pi , 1 < i < J , be the num,hers of algebraic conjugacy classes of time 
and space varying commonly according to 1 < < . 

. Let {M5T..^,^^^ C Mjf4 (resp. (Mst.^^^^^^ C Mjf^^ ) 

and {Mm„,^,_^ C M^-f (resp. {Mm,,^,^^^ C M^;f ) 

he the set of sections of the space-time left (resp. right) semisheaves of the "internal 
vacuum" ( ST ), "middle ground" ( MG ) and "mass" ( M ) structures of the J , 
1 < i < J , left (resp. right) considered semifermions. 

Then, the equations 

of the internal dynamics of a set of J bisemifermions are in one-to-one 
correspondence with the equations 

+ [DTMGn^ (^MG..^.„^^ ) ® DTsT,^ (MmG.^^,,^^^ )] 

= -[DTm,^{Mm,^^^^J ® DTst,^{Mm^^ )] 

V (7i, (Tj , 1 < (7j, Uj < ri, rj and \/ i,j 1 < i, i < J < oo 

referring to the sections of the considered bisemisheaves. 
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Proof. The one-to-one correspondence between the two types of equations results from: 

- a generahzation of proposition 3.11 to a set of J bisemifermions. 

- a homomorphism 

[TsT^MsT,^ )^TsT,^{Msn )] 

J J 

sending the sums ffl and ffl of bisemisheaves, referring respectively to diagonal 
and off diagonal interactions between right and left " ST " semistructures of the 
J bisemifermions, into the set [T^t^ (M^ti^^ ^ ) TstlX^st^^. )] of the corre- 
sponding bisections of these bisemishaves. 

- two similar homomorphisms Hmg and Hm referring to the " MG " and " M " 
structures of the J bisemifermions. ■ 



4.4 Proposition 

and B^^^ o p[^^ : M^- — ^ Mtt 



be the maps projecting the sections Mst^j^, , Mmg^^. (^i^d Mmj^^, onto their 
left equivalents. 

Let Tstl 7 DTmgl DTm^ be the adjoint operators of Tstr. , DTmGr. (^nd 

DTmr. respectively: 
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Then, the equations on the sections of the internal dynamics of a set of J 
bisemifermions are transformed under the isomorphisms IDrj^Lh into: 



Proof. This proposition is a generalization of corollary 3.12 to a set of J bisemi- 
fermions. I 



4.5 The small value of the cosmological constant 

The equations obtained under the isomorphism IDiij^l^_^ and describing the internal 
dynamics of a set of (bisemi)fermions are rather close to the equations of general relativity 
as it will be seen in the following sections. 

But, one of the big problems of the equations of general relativity in connection with 
the phenomenology of quantum field theories consists in the small value given to the 
cosmological constant. Indeed, in order to avoid a static solution to his equations: 

Guv = STrGT^i, 

where: 

a) = Rfiv - \ QfiuR with: 

• R^i, the Ricci tensor which is the contracted form of the Riemann-Christoffel 
curvature tensor R^^^ by i?^^ = R^^^ , 

• R — g'^'^R/xu the curvature scalar, 

• Qui, the metric tensor of space-time, 

b) T^i, is the symmetric energy-momentum tensor and G is the gravitational constant. 
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Einstein introduced in these a new term Agf^j, , where A is the cosmological constant, 
leading to [Ein2], [Ein3]: 

^Qixi' + Gnu — BiTzGTn^ . 

The equations Gf^y = SuGT^u describe how matter, given by T^jy , generates gravita- 
tional forces, characterized by the tensor (7^,^ , by means of the curvature of the space-time; 
indeed, the gravitational field is assumed to be represented by the metric tensor itself. 

In this context, Zel'dovich [Zell], [Zel2] envisaged the possible connection between 
the vacuum energy density of quantum field theories and the Einstein's cos- 
mological constant A in such a way that the author proposed in [Piel] to describe the 
vacuum energy density Pvac by 

where: 

• the internal vacuum energy density pifj'' could correspond to X/SttG , 

• pi^*^^ would correspond to the middle ground energy density " MG " . 
The revised equations of general relativity can then take the form: 

= SnG (T^^ - g'^^) 

(ST) 

in such a way that Xg^^ could correspond to the internal vacuum energy density pvac 
which would behave like an ideal fluid with negative pressure pi^^ — — [Pee] , [Lem] . 

Considerations on the expansion of the universe allowed Weinberg [Weil] to show that 
the effective cosmological constant Aefr can be related to the Hubble constant Hq by: 

|Aeff| < Hq 

and, also, that: 

jpvacl < lO-'^^g/cm^ ~ 10-^^Gev . 

So, the present expansion rate of the universe viewed throughout the curvature of 
space-time by means of the Priedmann's model [Prie] leads to envisage very small values 
for the vacuum energy density and the related cosmological constant [Weil]. 

This expectation small value of the cosmological constant A must be understood in the 
frame of general relativity describing gravity by the curvature of space-time by noticing that 
the squEire root of A~^ is a "distance" referring to the domain where the vacuum 
energy density alters the geometry of space-time by its gravitational 

effects [Abb] in such a way that the curvature be on an average null. 



38 



4.6 New interpretation of the general relativity equa- 
tions 

Thus, the only way to go beyond this problem of the small value of A is to take into account 
a new interpretation of the equations of general relativity [Einl] 

as developed in [Pie5] and [Pie3]. 

This new context is especially chciracterized by: 

a) the fact that the gravitational potential is no more assumed to be described 
by the metric tensor and the gravity is thus not exphcitly described by the 
tensor Gfj_i, when the context of curved space-time geometry remains. 

b) the composition of "matter" given by the three embedded structures 
ST C MG C M at the elementary particle level, as developed from the beginning 
of chapter 3, in such a way that: 

• the terms Xg^i, + G^i, refer to the vacuum structure of matter as it clearly 
appears from section 4.5 that, when the energy stress tensor of matter T^,^ 
(corresponding to the level " M " ) is null, then the revised equations of GR in 
the vacuum are: 

Xqi^^ + G^^ = . 

• — the term Agf^j^ would be associated to the " ST " internal vacuum substruc- 

tures; 

— the term Gfj,u would correspond to the " MG " middle ground vacuum 
substructures; 

— the term SttGT^,^ would correspond to the " M " mass boundary structures. 

It then appears that the vacuum, considered at the elementary particle level, must be 
composed of: 

1. the "internal vacuum" substructures " ST " of which nature is of space-time type 
having a dynamical and expansive aspect. 

2. the "middle ground" substructures generated from the corresponding internal " ST " 
substructures and having a contracting aspect allowing to confine " ST " substruc- 
tures inside the elementary particles. 
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This elementary particle vacuum then corresponds to the vacuum of the 
quantum field theories allowing to generate the particle masses [Par] (i.e. the 
" M " boundary structures, in the context of AQT, from the degenerate singularities on 
the "middle ground" substructures) and would be associated with the map: 

Gm '■ ^Qnu + G^i, — — > Xgfj,u + Gf^u — SttGT^,^ 

in the frame of general relativity equations. 

This new interpretation of general relativity, connecting its vacuum energy with that 
of quantum field theories, was foreboded by Sakharov [Sak] who claimed that gravity is 
not a fundamental quantum field but an induced quantum effect caused by an interaction 
of quantum vacuum fiuctuations with space-time curvature. 

In other terms, the inhomogeneity of vacuum fiuctuations induces the Riemann space- 
time geometry [Gh] , [Ban] which does not describe ontologically gravity. 

4.7 Compactification of the " ST " MG " and 
" M " structures 

It remains to prove that a one-to-one correspondence, given by the isomorphism Iqt~*gr i 
exists between the equations of general relativity and the string field equations on the 
sections of the internal dynamics of a set of (bisemi)fermions (or, more generally, of a set 
of (bisemi) particles) as given in proposition 4.4: 

Iqt^gr : [{Tsn^^ X Tsn^ ) (M^t..^,^^^ x M5t,,^,_^ )] 

+[(OTmg.,^ xOTmg.P(M^^^_^ X ^mg..,,.., )] 

— ^^gfiu + Gi^^ = SuGT^y . 

To reach this objective, it is necessary to: 

1. compactify the diagonal perverse semisheaves [Tst^^ ^^st- ) ^"^^ {TsTl .Mst-u^. „ 
of the internal vacua " ST " of the " J " considered bisemifermions as it was done in 
section 2.10 in order to obtain four-dimensional (1 dimension of time and 3 dimen- 
sions of space) perverse right (resp. left) compactified semisheaves according to the 
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compactification map: 

(resp. 4-3: 

2. compactify similarly the diagonal perverse semisheaves of the right and left "middle 
ground" ( MG ) and "mass" ( M ) structures of the considered bisemifermions. 

3. bring together the " J " bisemifermions in such a way that the off-diagonal bisem- 
isheaves 

of interaction of the " ST " structures, but also of the " MG " and " M " structures, 
have a continuous character. 



■ST, 



M- 



■ TsTr.MsT. 



^TsT^ M^ST ) ■ 



4.8 Proposition 

An isomorphism Iqt-^gr exists between the string field equations of the in- 
ternal dynamics of a set of compactified bisemiparticles and the equations of 
general relativity: 

— ^9iJ-u + Gfj,„ = 87rGTf^„ 

at the conditions that [PielJ: 

a) the sections of the right and left semisheaves "ST " MG " and " M which are 
in fact " ST " MG " and " M " strings, be viewed as families of geodesies which 
must be interpreted as the flow lines of a fluid. 

b) the directional gradients used in the left hand side of Iqj^^q^ he replaced by covariant 
derivatives on the right hand side. 
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Proof. 



1. At first, the conditions a) will be precised. 

The sections of the semisheaves " MG " and " M " are assumed to correspond 
respectively to families of geodesies 'Pmg{'^mG)1^mg) and VM{^M,nM) , where: 

• Amg and Am are affine parameters telling where we are on a given geodesies, 

• umg and um are selector parameters allowing to distinguish one geodesies from 
the next [M-T-W], 

if these sections have been desingularized in order that the tangent vectors 

Umg = -^T and um = -^r — 

oamg Cam 

be parallel on the corresponding geodesies. 

Note that the vectors 

^ _ dV ^ ^ dV 

Umg = 7^ and um 



dnuG duM 

measure the separation between points with the same values Xmg and Am on neigh- 
bouring geodesies. 

2. Then, the terms " ST ", " MG " and " M " will be shown to be in one-to-one 
correspondence on the left and on the right of Iqt^gr ■ 

(a) The term {Tstl x Tsti^){M^_ x Mg^ ) , describing the internal 
vacuum structures " ST " at the level of elementary particles and being of 
expanding space-time nature (which can be seen by the differential nature of 
the bioperator {Tstl ^ '^sTl ) acting on Hgj, according to section 3.10), must 
correspond to the term Ag^^i^ of GR if it is taken into account that: 

• this term Xg^^, is not very well shaped, all the information having been 
smashed in the cosmological constant A . 

• the internal vacuum energy density pifP , to which X/SnG corresponds, 
must be of expanding space-time nature: for this reason, the space-time 
differential operator {Tst^ x Tst^ . ) was chosen and not a directional gra- 
dient bioperator of the type {DTst^ x DTst^ . ) as introduced in proposition 
3.11. 
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(b) The term (DTmg^^ x DTmg^ . ) {M^ x M^^^ ) > describing the "mid- 



die ground" vacuum structures " MG " of elementary particles and being of 
contracting space-time nature, is in one-to-one correspondence with the term 
Gj^i, of the general relativity equations if: 

• the conditions (a) and (b) of this proposition are taken into account. 

• it is noted that each right section has been projected onto each 

left section M£^q_ ) in such a way that they are confounded: they can 
then be rewritten according to: 



So, to the set {M^q } of bisections of " MG " will correspond a fam- 

ily 'PmGlh-l{'^mg,'>T'Mg) of products of left geodesies, localized in the upper 
half space, by projected symmetric right geodesies localised in the lower half 
space, in such a way that to the term {DTmGl ^ ^'^mGl.){^mg ) 

— * — * 

will correspond the term Vs^q • ^umg • ^mg ■ 

Vumg '^mg is the covariant derivative of the vector field umg along a product, 
right by left, VhiGLj^-Li^Mc) of symmetric geodesies with tangent vector 

dVMG 

Umg — 



dX 



MG 



and Viji^Q '^UMG ^MG is the corresponding relative acceleration. 

As the relative acceleration of geodesies allows to define the Riemann curvature 

tensor [M-T-W] by: 

VwMG ^UMG ^MG + Riemann (. . . umg, timg, umg) = 

which leads to the components of the tensor of Riemann R^^u i^ ^ coordinate 
basis. 

Due to the antisymmetric property of R'^lxu [Weil], there are only two tensors 
which can be generated by contraction from R'^xu '■ i^ i^ Ricci tensor i?^,^ = 
R^Xu curvature scalar R — Ri^ [Dar] . 

So, the only tensor which can be formed from i?^,^ and R is the tensor Gf^u — 
RfMu — \gij.vR which is thus in one-to-one correspondence with the " MG " term 
on the left hand side of Iqt^gr ■ 
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(c) Finally, the term {DTm^^ x DTmi^ ){M^_ x ) , describing the 

"mass" structures of elementary particles and being also of contracting space- 
time nature, is in one-to-one correspondence with the tensor T^^ of the equations 
of general relativity. 

Indeed, if it is taken into account that the "mass" term " M " and the "mid- 
dle ground" term " MG " on the left of Iqt^gr have the same structure, it 
is immediate to associate with {DTmt x DTmt )(^Xf ) the "mass" 

curvature tensor of Riemann R'^xu from which the "mass" tensor 
can be formed. 

Considering the Einstein equations 
it is evident that: 

(1) the tensor Cj^t^^ is equal to the "mass" energy- momentum tensor StiGT^i, . 

(2) to the mass term on the left hand side of Iqt^gr corresponds the tensor 
T^v ■ ■ 

4.9 Proposition 

In the context of the new interpretation of the equations of general relativity describing 
the dynamics of the generation of the mass shells of the elementary particles from their 
vacuum structures, we have that: 

1. the cosmological constant will likely have a high value and will be noted Xst ■ 

2. the internal vacuum structure "ST " itself (without the generated " MG " and " M " 
structure) at the elementary particle level is probably responsible for the dark energy. 

Proof. 

1. The cosmological constant \st , referring now to the internal vacuum structures of 
elementary particles, is now directly related to the Planck scale; consequently, Xst 
will have a high value. 
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2. The dark energy, being of expanding space-time nature, will probably correspond 
to sets of elementary particles endowed only with their internal vacuum structures 

4.10 The algebraic quantum theory is a quantum grav- 
ity theory 

The algebraic quantum theory [Pie5], recalled at the beginning of this chapter for a set of 
interacting bisemiparticles, is a quantum gravity theory. 

Indeed, the gravity is no more introduced ontologically as resulting from the curvature 
of space-time but from the diagonal interactions between right and left semisheaves " ST " , 
" MG " and " M '' belonging to different bisemiparticles as it was developed in [Pie5]. We 
refer thus to the preprint "Algebraic quantum theory" [Pie5] for a description of quantum 
gravity as resulting from the diagonal interactions between pairs of semiobjects. 
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